A generalized right truncated bivariate Poisson regression model is proposed in this paper. Estimation and tests for goodness of fit and over or under dispersion are illustrated for both untruncated and right truncated bivariate Poisson regression models using marginal-conditional approach. Estimation and test procedures are illustrated for bivariate Poisson regression models with applications to Health and Retirement Study data on number of health conditions and the number of health care services utilized. The proposed test statistics are easy to compute and it is evident from the results that the models fit the data very well. A comparison between the right truncated and untruncated bivariate Poisson regression models using the test for nonnested models clearly shows that the truncated model performs significantly better than the untruncated model.
Introduction
The bivariate Poisson models have emerged to address an increasingly important area of research with a wide range of applications in various fields where paired count data are correlated. Data on paired counts arise commonly in various areas of research such as traffic accidents (number of accidents and fatalities), medical research (number of visits to health professionals and utilization of health care services), epidemiology (number of episodes of depression and number of visits to doctors), marketing (number of sales of different products), sports (number of goals scored by opponent teams), econometrics (job switching voluntarily or involuntarily), etc. As mentioned, a typical example of such dependence arises in the traffic accidents where the extent of physical injuries may lead to fatalities. Leiter and Hamdan [1] suggested bivariate probability models applicable to traffic accidents and fatalities. A similar problem was addressed by Cacoullos and Papageorgiou [2] . Several other studies defined and studied the bivariate Poisson distribution [3] [4] [5] [6] [7] [8] [9] [10] .
The bivariate Poisson distributions have been developed following various assumptions. Among those, the most comprehensive one has been proposed by Kocherlakota and Kocherlakota [11] . The bivariate Poisson form is shown by using a trivariate reduction method [8] allowing for correlation between the variables, which is considered as a nuisance parameter. a1111111111 a1111111111 a1111111111 a1111111111 a1111111111
This bivariate Poisson regression is used by Jung and Winkelmann [8] , Vernic [12] and Karlis and Ntzoufras [9, 13] among others. However, there is no attempt for modelling right truncated bivariate Poisson regression model so far which can play an important role for analyzing bivariate count data arising from a wider range of problems emerging in various fields.
Leiter and Hamdan [1] suggested joint distributions for number of accidents and number of fatalities by Poisson-Bernoulli (or Binomial) and Poisson-Poisson distribution. An alternative Poisson-Binomial model was proposed by Cacoullos and Papageorgiou [2] . In this paper, we have used the Poisson-Poisson distribution and the model for covariate dependence based on extended generalized linear model proposed by Islam and Chowdhury [14] . The marginal and conditional models are employed which are expressed in terms of the family of exponential distributions. Then a generalized linear model for this bivariate form is developed and the link functions are identified and expressed as functions of covariates. In some cases, we need to use right truncated Poisson distribution for both the outcome variables due to restrictions in the definition of variables. A model is shown for taking account of right truncated bivariate Poisson and a generalized bivariate count regression model is proposed using marginal-conditional approach. As both the tests for goodness of fit and over(under)dispersion are of prime concern in dealing with these models, some test procedures are shown in this paper. Gurmu and Trivedi [15, 16] suggested overdispersion tests for truncated Poisson regression models for univariate case. In this study, Gurmu and Trivedi [15] test is extended for bivariate Poisson for both untruncated and right truncated Poisson regression. For testing the goodness of fit tests for right truncated bivariate data, the test proposed by Islam and Chowdhury [14] is extended for truncated data. The estimation and test procedures are applied to health data, namely, the Health and Retirement Study [17] on number of health conditions ever had and utilization of healthcare services. Both the models with or without truncation are fitted to the same data and goodness of fit tests are applied to compare the models.
The bivariate Poisson-Poisson model
Let Y 1 be the number of occurrences of the first event in a given interval follow a Poisson distribution with parameter λ 1 and the probability of the second event, Y 2 
Bivariate right truncated Poisson-Poisson model
Let Y 1 be the number of occurrences of the first event in a given interval which has a truncated Poisson distribution with mass function
where
Then the probability of the second event, Y 2 , for given y 1 , where Y 2 = Y 21 + . . .+Y 2y 1 , the total number of second event cases among the truncated y 1 events in the specified time interval, is:
Multiplying the conditional and marginal probability functions, the joint distribution of Y 1 and Y 2 can be shown as follows
The truncated Poisson-Poisson expression can be expressed as bivariate exponential form as follows
The expected value of Y 1 can be shown as
where incomplete gamma function approximations are obtained based on relationships between cumulative Poisson function and incomplete gamma functions shown in Abramowitz and Stegun Chapters 6, 7 and 26 [18] . Similarly the conditional expected value for Y 2 can be expressed as
The link functions in model Eq (7) are ln 
Test for goodness of fit and under(Over) dispersion
In Sections 2 and 3, the proposed generalized models for untruncated or right truncated data are based on marginal and conditional probabilities as functions of covariates, we need to use a test for goodness of fit suitable for such models. A test for goodness of fit is proposed for the bivariate Poisson-Poisson model [14] using marginal and conditional means is: 
Similarly, the goodness of fit test statistic as shown in Eq (10) can be modified for the bivariate truncated model too. In this case, the null and alternative hypotheses are: H 0 : the data follow the proposed truncated bivariate Poisson model and, H 1 : the data do not follow the proposed truncated bivariate Poisson model. The modified test statistic for testing the goodness of fit is:
where 
ib Ã 2 , we obtainV 1i andV 2ij1 from V 1 and V 2|1 for i = 1, 2, . . ., n y 1 . We can modify the test for goodness of fit as shown in Eqs (10) and (11) to develop test statistics for over(under)dispersion. As overdispersion and underdispersion may influence the fit of the proposed untruncated Poisson regression models, we have used the method of moments estimator [14, [19] [20] [21] 
and then using these values we can estimate φ r for the truncated model.
A test for over(under)dispersion, T2, is proposed assuming adjusted variances for the marginal mean of Y1 and conditional means of Y2 given Y1 = y1. If there is over(under)dispersion, then the test results in acceptance of the null hypothesis that the expected values are equal to the adjusted variances.
Then T 2 for untruncated bivariate Poisson regression model is: 
" y 1 Àm 
In the above tests for the goodness of fit, specific models (proposed models) are tested. Hence, the test for goodness of fit may be termed equivalently as the test for specification of the proposed models. 
Test for model selection
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Application
The models proposed in this paper are applied to the tenth wave of the Health and Retirement Study [17] . The outcome variables are number of conditions ever had (Y 1 ) as mentioned by doctors and utilization of healthcare services (Y 2 ) where utilization of healthcare services include services from hospital, nursing home, doctor, and home care. The explanatory variables are: gender (1 male, 0 female), age (in years), race (1 Hispanic, 0 others) and veteran status (1 yes, 0 no). The sample size is 5568. This indicates slight overdispersion for utilization of health care services and underdispersion for number of conditions. Using the mean, variance and correction factor [15] for right truncated Poisson marginal and conditional models, we can estimate the dispersion parameters. Table 2 displays estimates of the parameters of the marginal and conditional models for the untruncated model as well as tests for significance of the parameters with and without considering adjustment for over or under dispersion. The selected explanatory variables in the models are gender, age, race and veteran status. All the variables except race show statistically significant association with number of conditions. From the marginal model for number of conditions it appears that the number of conditions is significantly lower for males compared to females but age and veteran status are positively associated with number of conditions. This shows that the number of conditions in health increases steadily with age, as expected, and the veterans have higher number of conditions compared to non-veterans. There is no significant difference in number of conditions by race. As there is evidence of under dispersion in the number of conditions, an adjustment is made using the dispersion parameter, After adjustment, the standard errors are smaller which are displayed in Table 2 and p-values appear to be smaller. We observe that the conditional model for utilization of healthcare services for given number of conditions indicate significant positive association with gender (male = 1, female = 0) and veteran status (yes = 1, no = 0) while age and race (race = 1 for Hispanic, race = 0, otherwise) show negative association. Although number of conditions is lower for males, utilization of healthcare services appears to be higher among males compared to females. Another important finding reveals that the utilization of healthcare services reduces significantly with age for given number of indications which implies that the with ncreased age elderly people do not take healthcare services from different sources. Race is not associated significantly with number of conditions but utilization of healthcare services show a negative association with race indicating lower utilization for Hispanics as compared to other races. There is positive association between utilization of healthcare services and veteran status, similar to the association found with number of conditions observed from the marginal model. The estimates for the right truncated bivariate Poisson model are displayed in Table 3 . The results are generally similar to the fit of the untruncated model displayed in Table 2 It may be noted here that both the untruncated and truncated models are fitted to examine the changes in the estimation of parameters and tests attributable to truncation. Test for over (under) dispersion for both the models show that the fitted models are not significantly over or under dispersed. The estimated dispersion parameters for untruncated models,φ u;1 andφ u;2 , are 0.80 and 1.05 respectively and from the truncated modelsφ t;1 andφ t;2 are 0.90 and 0.83 respectively (see Table 4 ). Adjusting for both untruncted models and truncated models, we observe that the test results for significance of the parameters remain similar. Table 4 summarizes the results for both untruncated and truncated bivariate Poisson regression models. We observe from goodness of fit test statistic, T 1 , that both untruncated and truncated bivariate Poisson regression models fit the data very well. In other words, the null hypotheses may be accepted in favor of the proposed models. To make a more precise decision about the choice of the better model, the Voung test is employed. We have used the Voung test for comparing non-nested models because non-nested models can not be compared using the classical likelihood ratio based tests. Table 4 shows comparison between untruncated and right truncated models and it is found that the bivariate right truncated Poisson model appears to be significantly better than the untruncated model (p<0.001).
Conclusion
The use of bivariate count regression models can provide very useful insights for analyzing repeated measures data emerging from various fields including health. In this paper, a comprehensive methodology has been displayed to deal with different types of problems associated with bivariate count data. In this paper, a new model is proposed using the Poisson-Poisson marginal-conditional approach for both untruncated and truncated data. In reality, there may be influence of right truncation for analyzing such data and the application displayed in this paper clearly demonstrates substantial change in the estimates of regression parameters. A generalized linear model for the bivariate Poisson-Poisson regression model is developed for the right truncated data. The proposed model is applied to the Health and Retirement Study data on number of conditions and utilization of healthcare services. The problem of under or overdispersion in the count data is also examined and appropriate procedures for adjusting the standard errors are also shown. Tests for both goodness of fit and overdispersion have been used and it is observed that the models fit well to the bivariate count data and the extent of under or overdispersion are not found to be significant in the application to the data on number of conditions and utilization of healthcare services from the Health and Retirement Study. In order to select a better model, an extended test for non-nested models for bivariate count data is shown in this paper and it is found that the right truncated bivariate Poisson model is a better choice for the health data used in this study.
Appendix
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